Axions play a central role in many realizations of large field models of inflation and in recent alternative mechanisms for generating primordial tensor modes in small field models. If these axions couple to gauge fields, the coupling produces a tachyonic instability that leads to an exponential enhancement of the gauge fields, which in turn can decay into observable scalar or tensor curvature perturbations. Thus, a fully self-consistent treatment of axions during inflation is important, and in this work we discuss the perturbative constraints on axions coupled to gauge fields. We show how the recent proposal of generating tensor modes through these alternative mechanisms is in tension with perturbation theory in the in-in formalism. Interestingly, we point out that the constraints are parametrically weaker than one would estimate based on naive power counting of propagators of the gauge field. In the case of non-Abelian gauge fields, we derive new constraints on the size of the gauge coupling, which apply also in certain models of natural large field inflation, such as alignment mechanisms.
Introduction
It is generally believed that a stage of primordial inflation in the early universe is required in order to resolve the shortcomings of the standard big bang model. The paradigm of primordial inflation has been tested by a number of observations, and so far no inconsistencies with the data have been found, supporting the general principles of the inflationary paradigm [1] . On the other hand, the inflationary model space is huge, and we need more experimental input in order to discriminate among the proposed scenarios. One of the most touted prospects is the possibility of primordial tensor modes. Primordial tensor modes are considered to be a smoking gun of inflation, since their amplitude is commonly believed to be directly related to the energy scale of inflation [2] , and no known alternatives to inflation are expected to lead to an observable level of primordial tensor modes [3] [4] [5] [6] . This has motivated an intensive, ongoing global effort to search for the imprint of primordial tensor modes in the CMB [7] [8] [9] [10] [11] [12] [13] .
Assuming we detect primordial tensor modes, many results in the literature suggest that axions may have played a central role in their generation. If we believe that the tensors were created by vacuum fluctuations during inflation -such that their amplitude is related to the energy scale of inflation -then the Lyth bound tells us that inflation needs to be a large field model, with trans-Planckian field excursions [14] . However, this makes the inflaton potential sensitive to nonrenormalizable Planck-supressed operators unless it is protected by a weakly broken shift-symmetry. The axion, being the pseudo Nambu Goldstone Boson of the broken shift symmetry, is then a natural inflaton in large field models of inflation 1 [17] [18] [19] [20] [21] [22] [23] . Alternatively, we can break with the above logic and posit that the tensor modes are not vacuum fluctuations, i.e. that we have some form of synthetic tensors. In this case also, the most developed scenarios use axions. Since axions couple to gauge fields with a CP violating axial coupling, a slowly rolling axion during inflation will trigger a resonant production of gauge fields, which can subsequently source tensor modes. It has been speculated that this could lead to an observable tensor-to-scalar ratio, such that the observed tensor modes would not be related to the energy scale of inflation, but instead the microphysics of the resonance 2 .
So if we observe tensor modes, no matter how we view it, axions will be at the locus of the theories suggested to produce them. This motivates a careful understanding of axion cosmology in the very early universe.
The rich phenomenology of the axions is triggered by the presence of the axial coupling with gauge fields of the form
where f is the axion's decay constant, F a µν is the field strength tensor,F µν = 1/2 µναβ F αβ its dual tensor and α is a dimensionless parameter associated with the axial charge of the axion. The presence of the axial coupling triggers an instability in one polarization of the gauge field (A + ) propagator such that when a given mode exits the horizon it gets exponentially enhanced as
where ξ = ασ/(2f H) is the strength of the exponential enhancement, H is the Hubble constant during inflation, and α is some coefficient related to the axial charge of the axion; note that the field is classicalized at horizon crossing since its real part is exponentially larger than the imaginary part. At the level of perturbations, the axial coupling also induces a new interaction between gauge fields and the scalar curvature perturbation ζ given by
which is parametrically stronger than the gravitational interaction and is independent of the role of the axion during inflation [36] . It was shown that if the axion is identified with the inflaton, the combination of gauge field production and large couplings with gravity naturally generates large nonGaussianities and leads to the constraint ξ 3 [26] . Subsequently in [36] it was then demonstrated that this constraint also applies if the axion is not identified with the inflaton, unless the axion decays very quickly during inflation, due to the universal nature of the of the coupling in eq (2) . Perhaps the most interesting phenomenology triggered by the axial coupling is the possibility of producing tensor modes via the decay of gauge fields [28, 30, 34] , i.e. when the diagram in Fig. 4 is much larger the tree level result in Fig. 3 . Generally, the coupling between gauge fields and tensor modes is parametrically smaller than the scalar coupling, and so one would expect large tensor modes to be associated with large non-Guassianity [36] . However, if the axion decays during inflation [34] the non-Gaussianity generated at horizon crossing is erased and the constraint on ξ is relaxed. The efficiency of the mechanism, in generating large tensors, requires some tunning in the decay of the axion [36] but it would represent an alternative for generating primordial tensor modes which would break the connection between the amplitude of the tensor mode power spectrum and the energy scale of inflation. Since the amplitude of the gauge field is large in this scenario, one has to be concerned about the breakdown of perturbation theory. Indeed, the scenario has some troubling indications. Consider the diagram in Fig. 2 with the solid line representing the curvature perturbation ζ. This diagram will appear as a loop in any correlator where a field couples to the gauge field, even if only radiatively, as in the two-point function of ζ. Unless the loop diagram is parametrically suppressed with respect to the tree level Fig. 1 , one must sum an infinite number of diagrams to calculate the correlator, since higher loops of ζ become increasingly larger.
In order to estimate the size of this loop diagram, one may think that it is enough to assign a factor of AA ∼ e 2πξ to each propagator of the gauge field. Indeed, the real part of the mode function is exponentially larger than the imaginary part, as apparent in (1), and one thus expects it to dominate in any diagram. This would lead us to conclude that the size of the 1-loop diagram relative to the tree level diagram is e 4πξ ξ 2 P ζ / , where ∼ 100 is a loop factor, ξ 2 comes from the vertex (40a) and P ζ comes from the scalar propagator. A similar argument tells us that the tensor-mode enhancement, i.e. Fig. 4 , is given by a factor e 4πξ ξ 2 P h / . Thus, it would appear that any enhanced tensor spectrum would immediately imply a complete perturbative breakdown, an immediate and hard no-go for axial coupling synthetic tensors. In fact, demanding perturbativity would seem to yield a very strong constraint on the size of ξ, limiting ξ 1.9.
In this paper, we consider these perturbative questions more carefully. As we will see in 2, the diagram in Fig 4 is "special" and, in fact, the naive counting mentioned above does not work for corrections to the AA diagram or for most diagrams. We show how higher loops require an interference between gauge fields at different vertices so that, taking only real parts of the gauge field mode function gives exactly zero.
In section 3, we explore the implications of this counting scheme. Parametrically we find the following constraints on ξ 10
although the constraint from an explicit 1-loop calculation is slightly weaker (ξ 4.3) due to smaller loop factors. Though not as strong as those suggested by the naive counting arguments, these constraints leave little space for generating synthetic tensors via axions. Later in the section, we explore constraints on more general models involving axions that couple to gauge fields during inflation, and we look at the scenario where the axion couples to a non-Abelian gauge field, where we find constraints on the gauge coupling strength g. We also find that our calculations imply a lower bound for the axion decay constant in the KNP mechanism for natural inflation [18] . Note that more stringent bounds on f were derived in [29] for small scales. We compare our parametric estimates with an explicit calculation of the loop diagram, the details of which are presented in Appendix B. We also review the axial coupling model in Appendix A. While we work primarily with the axial coupling model, we expect this parametric counting to be applicable to other situations where the real part of the mode function is enhanced.
Proper counting in the in-in formalism
As we have highlighted in the example of the axial coupling discussed above, a naive counting of the parametric enhancement of a diagram in the in-in formalism gives too large of an estimate when considering resonantly produced, classicalized fields. In this section, we explain how to achieve the correct counting, using rules that account for the cancellations that invalidates the naive estimates. This allows us to properly estimate the perturbative regime.
In the in-in formalism the expectation value of a given equal-time operator is given by 3 [46]
where |Ω represents the vacuum of the interacting theory and |0 of the free theory, H int (t) is the interacting Hamiltonian and O is some quantum operator. In the standard perturbative approach, we expand the exponentials in a power series, which can in turn be rearranged into a convenient form [47] 
This is an exact expression, given as a sum over diagrams with n ∈ {0, 1, . . .} vertices, which then must be integrated over time. For the perturbative expansion to make sense the sum must converge so that diagrams with a larger number of vertices must be suppressed. A given diagram corresponds to a particular n in (5) along with a particular pattern of contractions among the operators; for example, the 1-loop diagram in Fig. 2 corresponds to n = 2 along with certain contractions, some of which are shown in (43) . In principle, any such set of contractions can be expanded as a sum of terms, each of which contains either the real or the imaginary part of the mode function of each operator. The "naive" way of counting the enhancement is to assume there is a term containing a real part from each resonantly-enhanced operator. The problem with this idea is that, because of the commutator nature of the in-in formalism, such a term is often identically zero. Thus, the key goal of this section is to identify the largest term, i.e. to identify the non-zero term with the largest number of real parts of resonantly-enhanced operators.
To identify what real/imaginary combinations are allowed, we must examine the expectation value on the RHS of (5) with the commutators. As usual, we use Wick's theorem to find these expectation values, where a contraction of an operator φ(k, η) is given by 4
where the subscript indicates the momentum and time dependence φ 1 ≡ φ(k 1 , t 1 ). Let us extend this to the case of commutators; in particular, let us suppose that these two operators now lie on different sides of a commutator and that the other mode functions ψ 1 , ψ 2 which can be any operator, include φ or a product of φ or other operators either contract with an operator outside the commutator or are strictly real
Based on this, let us make the following simple but important observation:
To be non-zero, every in-in commutator must have a contraction between two operators, one on each side of the commutator, for which at least one of the mode functions must be imaginary.
This can be seen as a requirement of quantum interference between the two (independent) phases of the given mode functions, which cannot happen in the case of classicalized fields where the mode functions are essentially real.
In the axial coupling scenario, we see in (36) that the mode function has the resonant behavior 5
and
so that each imaginary part cancels the enhancement from one real part. As an simple example, consider
the naive parametric enhancement would be to assume we had four real parts, i.e. an enhancement of e 4z(ξ) , but since we must have one imaginary part, the actual enhancement is e 2z(ξ) . We now see why naively assigning the size of the power spectrum to each propagator is not accurate. We point out that it is not a coincidence that in axially coupled models, the imaginary part of the mode function is the inverse of the real part. It will generally be true because the Wronskian
must hold at all times for a canonically normalized scalar field, so that Im[A] Re[A] will parametrically be of order unity. Now let us explore the implications of this observation more generally for the calculation of loops in the σFF model involving ζ and A. We write the interaction Hamiltonian schematically as
so that the correlator in (5), neglecting Fourier integrals as well as the distinction between A and A , will generally be of the form
Note, first of all, that α + n, β must be even because the operators must contract in pairs. By our observation (8), we must have n pairs of operators with one imaginary part. However, we can select at most (α + n)/2 of these from among the pairs of ζ so that, if n > (α + n)/2 we must have n − (α + n)/2 = (n − α)/2 pairs of A, and thus the commutator (12) will have at least max 0, n − α 2 imaginary mode functions of A .
We now see why the naive counting works for Fig. 4 : the diagram has α = n = 2 and thus does not need any imaginary parts for A. On the other hand, we see why the naive counting fails for Fig. 2 : the diagram has α = 0 but n = 2 and thus must have at least one imaginary mode function for A. Note that even for the case of ζζ in Fig. 4 , all higher order loops will follow the more-suppressed counting.
We can now state the size of the parametric enhancements of higher loop diagrams involving this type of vertex. Since additional vertices must come in pairs, consider adding a pair of vertices to a diagram: ζA 2 , ζA 2 , · · · . By the same counting argument as before, at least one of the gauge fields must be imaginary. We have already expressed in (9) the resonant behavior of A. The curvature perturbation is not resonant so around horizon crossing
where 6 P = 2.2 × 10 −9 . Therefore, the proper counting in the in-in formalism would be
Note that we have also included a loop suppression factor of 1/ ≈ 10 −2 .
It is interesting to note in these setups that, when considering correlators not of the classicalized (i.e. resonant) field, there is a regime where the calculation remains under perturbative control even when the 1-loop correction is significantly larger than the tree level. However, these are special diagrams and, for example, perturbativity still breaks down when the 1-loop diagram of the classicalized field becomes larger than the tree level.
Perturbative Constraints
We now apply the parametric counting derived in the previous section to the case of an axial coupling between an axion-like particle σ and a U (1) or SU (N ) gauge field, as reviewed in Appendix A. To begin with, let us consider the case of a U (1) gauge field and compare the two diagrams in Figs. 1  and 2 . From the arguments of section 2, we can use (14) to find the parameteric size of the relative amplitude of the diagrams
where we use the strength ξ of the coupling from the vertex (40a). To stay in the perturbative regime, this quantity must be less than unity. Thus, we obtain the parametric constraint Perturbativity : ξ 3.5.
So far, we have used fairly general arguments for the size of additional loops but have not calculated any diagrams. Thus, it behooves us to find a scenario where we can compare the size of a diagram with that of a similar one but with an additional loop of the type shown in Fig. 2 . This will give us a sanity check on our results. Specifically, we will calculate the 1-loop correction to AA in the case of an Abelian gauge field.
The dominant tree level calculation follows immediately from canonical quantization
where the mode functions A + (k, η) are given by (34) . The first correction is, in fact, the diagram in Fig. 2 . Since this is not a "special diagram", as in the case in Fig. 4 , we expect its amplitude to be given by (15) . We explicitly performed the calculation of the 1-loop correction to AA (details are presented in Appendix B). In Fig. 5 , we present the ratio of the tree-level and 1-loop terms for both A 2 and A 2 . We see that the 1-loop result becomes as large as the tree-level result at ξ ≥ 4.4 for both A 2 and A 2 . This is slightly weaker than our parametric estimate (15) due to smaller loop factors coming from the contractions of polarization vectors.
non-perturbative regime The thick, blue line shows the ratio of the numerical 1-loop calculation of AA divided by the tree level calculation (the result for A A is very slightly larger). The thin, red line shows the parametric estimate using 14, which is considerably more restrictive than the result from the numerical 1-loop calculation. B.
We can also consider another bound that is similar in spirit, namely from demanding the validity of the effective description used to treat the model. If the resonance is too strong, the fluctuations of the axion δσ are enhanced through loop corrections as in Fig. 4 and can possibly grow larger than the period of the potential δσ f . If this happens, higher-order interactions between the axion and the gauge fields become equally important as the ones that are usually studied, e.g. in the Lagrangian (26) . In that regime, non-linear effects become important, such as the damping of the fluctuations themselves due to the periodicity of the potential. Using the calculation of the loop correction to the axion perturbations presented in [26] , we can estimate the condition this imposes on the parameters of the model 
For α = O(1), this implies ξ < 4.3. Note that this result is sensitive to α, the axial charge of the axion; in the standard model, for example, α = 1/137 and the bound is ξ > 3.4, which would be in tension with the generation of synthetic tensor modes. In Fig. 6 we plot the constraints on synthetic tensors. On the left-hand panel, we plot in green the region where the production of tensor modes is incompatible with current bounds from the BICEP2/Keck array [48] . In blue, we plot the region where the tensor modes sourced by the vacuum account for more than a fifth of the total tensor mode production. We show the results for a wide range of values of the slow-roll parameter . We see that there is still a region of parameter space which is not excluded by these requirements. This region requires large values of ξ which would be excluded by current bounds on non-Gaussianity [36] , though it is possible to tune the decay of the axion in such a way that this non-Gaussianity disappears [34, 36] . In the middle panel we overlay in dark (light) orange the constraint from demanding the ratio of the 1-loop to tree-level diagram to be 1 (0.1). The window for the mechanism to work bcomes significantly reduced. Finally, in the right-hand panel, we plot in dark (light) yellow the region where the oscillations of the axion are larger than the period of the potential, where (18) does not hold, for α = 1 (α = 1/137). The constraint gets stronger for weaker coupling. In particular, for electromagnetic-like couplings there would be no parameter space to generate consistently gravitational waves larger than the vacuum. We have been conservative and considered the bound on ξ from our explicit calculation of the one-loop diagram. We see that, even though these bounds depend on the details of the calculations and are sensitive to coefficients of order one, there is little space for this mechanism to work. Let us mention briefly that this constraint also puts bounds on models which require large values of ξ, such as models that dissipate the inflaton's kinetic energy through the production of vectors as in [25] . These models require a strong coupling between vectors and the inflaton in order for the energy dissipation to be efficient. In that reference the authors use ξ ≈ 20. In light of what we discussed above, this model is expected to produce large non-Gaussianities and tensor modes, while also being in the non-perturbative regime.
We can also consider the parametric enhancements of loops from the non-Abelian vertices (40b)-(40d), shown in Fig. 7 . Starting with the leftmost diagram, which is cubic in the gauge fields, we proceed as before, noting that we have six gauge fields but that two must be imaginary, giving us
where we have used the fact that f abc 2 ∝ N 3 (e.g. [49] , where N is from the group SU (N )). The middle diagram, quartic in A, gives
and the right diagram, using ζA 3 vertices, yields
In the non-Abelian case, the constraint from the ζA 2 vertex also gets a factor equal to the number of generators in the gauge group, so the constraint becomes ξ 2 N 2 P ζ e 2πξ / . In itself, this has little impact on predictions about non-Gaussianity or synthetic tensor production from this vertex because these effects will also be enhanced by N 2 . Note also that the enhancements in (20) and (21) are just a combination of the Abelian (15) and cubic self-interaction (19) enhancements and therefore, ultimately, those are the ones which should be smaller than one. Therefore, for the non-Abelian case the constraints are:
Perturbativity (non-Abelian case):
Consequences for natural inflation
In the context of UV completions of natural inflation [19] [20] [21] [22] [23] consistency arguments have been put forward which translate into an upper bound on the axion decay constants [50] [51] [52] [53] [54] [55] [56] [57] . But, as already noted by several authors [26, 27, 58] , the phenomenology of the axial coupling and the consequent non-Gaussian constraints on the parameter ξ also provides interesting lower bounds. In [36] the constraints were generalized to all axions during inflation by identifying the universal coupling to gravity generated by the axial coupling. Interestingly, the results derived here show that the phenomenologically allowed regions previously associated with large observable non-Gaussianity is not under perturbative control.
More specifically, in scenarios such as the KNP mechanism, where several axions couple to the same gauge groups, the mass basis (which contains the light/inflaton direction) is typically not the same as the coupling basis to gauge fields. Therefore, axions with small decay constants become potentially dangerous. For example, consider the original setup, where two axions φ 1 , φ 2 are coupled to two different gauge groups F, G as [18] L ⊃ −Λ 1 1 + cos
By rewriting the Lagrangian in the mass basis, the light direction σ = f g 1 / f 2 + g 2 1 (φ 2 /f − φ 1 /g 1 ) (which would appear if g 1 g 2 ) would then couple to the gauge fields as
Therefore, the requirement ξ 3.5 would imply
where we have fixed =σ 2 /(2M 2 p H 2 ) = 0.04. As we can see from the previous expression, decay constants smaller than the GUT scale may lead to the perturbative breakdown of inflation.
Similar reasoning can be done for axion monodromy. In the frame where the gauge fields are canonically normalized, the time dependence of the coupling to the Chern-Simons term should satisfy the above constraints on ξ in order for perturbativity to be guaranteed in the computation of correlators involving ζ, h i or A µ .
We can also consider the implications on the gauge group coupling constant from eq. (22) . For example, for decay constants of the order of the GUT scale such that ξ O(1), the constraint would imply g 10 −2 .
Conclusions
Axions have a rich phenomenology in early universe cosmology. Among other things they are candidates for large field inflation models and may also provide a mechanism for boosting the production of tensor modes through their axial coupling with gauge fields. This coupling term is a total derivative unless the axion is rolling. Even if the axion is rendered subdominant in the energy budget of the universe, its rolling triggers an instability in the gauge fields which then, in turn, act as a source of metric perturbations. As a consequence, tensor perturbations may be produced with an amplitude larger than the ones due to vacuum production, which generically requires ξ 3.5, where ξ is the the strength of the instability [34, 36] . However, they will also generate scalar perturbations of the metric [36] with large non-Gaussianity; imposing that this must be compatible with current bounds requires ξ 3. This non-Gaussianity can, however, be erased if the axion decays during inflation. Though this requires some tuning, it would seem to allow the generation of synthetic tensor modes. This possibility would break the standard connection between the energy scale of inflation and the tensor-to-scalar ratio.
In this paper, we have discussed that there may be another set of constraints that rule out or, at least, severely limit these scenarios: the resonant production of gauge fields when ξ > 1 brings with it a risk that perturbation theory breaks down. In this work we investigated how to determine the perturbative region in inflation in the presence of fields which are resonantly enhanced and so, quickly classicalized. We provided a way to parametrically estimate the relative size higher loop diagrams in the presence of such resonances. Interestingly, we found that in the in-in formalism, as particularly apparent when it is written in the commutator form (5), the terms that would show the most resonant behavior typically cancel out, so that the enhancement of higher order loops is not pronounced as one would naively expect from a simple counting of propagators.
Based on this counting we derived perturbative constraints on axions coupled axially to gauge fields. Parametrically we found that in order to ensure perturbativity of the loop expansion, the strength of the interaction should satisfy ξ 3.5, although an explicit 1-loop calculation led to a weaker constraint (ξ 4.4). This constraint, jointly with the EFT constraint from requiring δφ < f which becomes the strongest one for weaker coupling, leaves little space for the mechanism to generate tensor modes larger than the vacuum (in a controllable regime). We note that, though this bound is weaker than that implied from constraints on non-Gaussianity [26] and black hole formation [29] , it must hold also at the time production so that it is independent of the evolution of the universe after production, making it more robust. We also note that in the case of a coupling with a non-Abelian gauge field, the additional vertices imply an additional constraint; in particular, one must demand that g 2 e 4πξ N 3 / < 1, where g is the gauge coupling and ∼ 10 2 is a loop factor.
One should however keep in mind that even in the parameter regions where perturbativity breaks down, we cannot rule out synthetic tensor modes, but rather can only state that the perturbative calculations on which the predictions are based are inapplicable.
Finally, we stress that for models of inflation where axions play an important role (e.g. UV completed models of natural inflation) these constraints might be relevant and require, in some cases, either small axial charges or f > 10 16 GeV scale, where f is the axion decay constant, and typically implies g 10 −2 for the gauge coupling.
There are several avenues for future work. Since this work challenges the mechanism producing tensor modes through axial couplings, it would be interesting to do a detailed study of constraints on other possibilities for generating synthetic tensors, such as those mentioned in [59] [60] [61] [62] . If model builders wanted more precise constraints on ξ, one could examine the vertices and in-in calculation more closely and derive more aggressive bounds on the size of the loop factors, as well as to bound the factors (such as ξ's) that come from the time integrations.
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A An overview of the axially coupled model
Consider a model with a axion-like particle σ and SU (N ) gauge field A a µ , with the action
where f is the axion decay constant of σ; we use the Hodge dualF µν ≡ 1 2
− g µν µναβ F αβ , where the Levi-Civita tensor µναβ is totally antisymmetric in its indices and 0123 = 1; and α is the coupling constant of the parity violating coupling.
The field strength tensor of the non-Abelian A is defined as usual:
where f abc is the structure constant associated with the SU (N ) generators {T a }, i.e. [T a , T b ] = if abc T c ; we can choose f abc to be completely antisymmetric. We will typically work in Coulomb gauge, where A 0 = A i,i = 0. (Note that we sum over repeated color indices and repeated vector indices, regardless of upper vs. lower placement.) For constant σ, the third term in the Lagrangian is a total derivative. Thus, the effective strength of the interaction is sensitive only to the time dependence of the background part of σ(x, t) = σ(t) + δσ(x, t), i.e. toσ 0 , and it is convenient to define
A.1 Mode functions for A
The quadratic, Coulomb-gauge action for A a µ , as given by (26), is
which gives the equations of motion
To decouple the spatial degrees of freedom of the gauge field in the equation of motion, it is useful to decompose the gauge fields in terms of (complex) circular polarization vectors ±i (k), so that (assuming Coulomb gauge)
where we choose ±i (k) to satisfy the following conditions *
We can choose
Then, the equations of motion for A ± become
We see that the A + mode has a tachyonic instability when −kη < 2ξ, leading to resonant production of gauge field particles, and therefore is our primary object of interest. The Bunch-Davies mode function for A + is the solution to (33) which approaches e −ikη for modes deep within the horizon, i.e. as −kη → ∞. If we also demand that the quantized field A obey the standard quantization condition
This condition, which must always hold, is important to keep in mind because it highlights the fact that the real part of a mode function times its conjugate is generally of order unity. We ultimately find that the properly normalized mode functions for A ± are [25] :
where H + 0 is an irregular Coulomb function (see [63] for properties of H + 0 ). We are interested in the exponentially enhanced cases, where ξ is large 7 and where we can approximate
using the modified Bessel functions I , K . The effects are dominated by the horizon crossing regime, where −kη ≈ 1 so √ −8kη 1. In this regime, we can approximate ( [25] )
This approximation is valid in the regime (8ξ) −1 −kη 2ξ. One can easily see that the real parts of the mode functions are exponentially and parametrically enhanced while the imaginary parts are likewise suppressed.
A.2 Scalar and vector interactions
Let us ignore tensor couplings. As pointed out in [36] , we can most easily find the Lagrangian in terms of the gauge-invariant curvature perturbation ζ by using spatially flat gauge, where the spatial metric (including tensor perturbations γ) is g ij = a 2 δ ij . In this gauge, we can write the perturbation δσ in the axion field as
where S σφ is the gauge-invariant isocurvature between the inflaton φ and axion σ (which can be taken to be zero if σ is the inflaton). Then we can effectively read off the relevant interactions between scalar perturbations and gauge fields:; we will also include the non-Abelian gauge term self-couplings from the kinetic term 8 
However (see e.g. [64] ),
where d abc can be taken to be completely symmetric. Substituting this into (38) and multiplying out the terms, one can verify by swapping indices that each term equals minus itself and thus vanishes.
the first vertex is for the Abelian case and the other three arise in the non-Abelian case. As emphasized in [36] , this these interaction are present even if σ is not the inflaton.
B Details of the 1-loop correction to AA calculation Let us calculate the 1-loop correction to AA , corresponding to Fig. 2 , which has two ζA 2 vertices given by (40) The corresponding in-in expression is
where A i (a) ≡ A i (q a , η a ) and where η a is either η A or η B , as appropriate for q a . Considering that mode functions of A and ζ have real and imaginary parts, the full result of the above expression has many terms. But for large ξ, the dominant terms will be those with the largest number of real parts of mode functions of A.
Using the framework developed in Sec. (2), we know that we must have at least two imaginary mode functions since we have two commutators. Only one of these can be chosen to be from the curvature perturbations ζ since these contract with each other; thus, we must have at least one imaginary mode function from a gauge-field A. Furthermore, this imaginary A must be from one of the 4 A's in the inner commutator, since each commutator must have a contraction inside it with an imaginary part; we can take the remaining A-contractions to be real. We remember that, if the operators O x i are real or contract with operators outside of the commutator, then
Thus, we can calculate the part of this correlation that is most enhanced by tachyonic instability 
where all gauge mode functions A = A + are from the + polarization. The result for A i (k, η)A i (k , η) 1-loop, enhanced is the exactly the same except that A(k, η), A(k , η) → A (k, η), A (k , η). We then numerically integrate the expression (44) using the exact mode functions (34) for A, along with the standard mode function for ζ (see e.g. [65, 66] ): ζ(k, η) = π 2P s (k)/k 3 (1 + ikη)e −ikη , where P s = 2 × 10 −9 is the observed perturbation 2-point function.
The integral (44) does not have a IR divergence; in particular, for fixed kη, there does not need to be a IR cutoff for the η a or q integrals. On the other hand. the mode functions for both A and ζ are oscillatory inside the horizon (to see this for A, simply take (33) with −qη a 1), which mimics standard Minkowski-space behavior. In general, we would need to renormalize or regularize away the 1-loop UV divergence. Since the standard, oscillatory behavior begins when −qη a > 2ξ, we cut off the mode functions A(−q, η a ) at this value to approximate an adiabatic subtraction scheme, i.e. we take A(−q, η a ) = 0 when −qη a > 2ξ.
Using this scheme, we find the results used in Fig. 5 .
